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The generedised circuit is partially integrated and the physical 

signifioanoe of uertain terms is disoussed. Afterwards, an uuattenuated 

travellxng wave of current is postulated as a first approximation to 

the current along a rh(mibio antenna, and the integration is oompleted 

to yield a formula for the radiation impedance of a rhombie antenna 

in free space. The resistive component of the impedance oheolcs with 

8 

the radiation resistance as listed by Leonard Lewin in a discussion 

^ 3 

of a paper by Donald Foster , with Lewin apparently obtaining his 
formula by the solid angle Poynting vector method. 



In the generalised oirouit (Fig.i), a slioe generator is assumed 
to exist between terminals b and o, and the current is assumed oon> 
tinuous through the generator. Terminals d and e may or may not be 
closed. 

The current along the oirouit is assumed to be given by lof(P), 



1 , J, G, Chaney, A critical study of the oirouit oonoept*, 

J. Appl. PhyS. 88 , 18, 1489 (l 93 l). 

s. Leonsird Lewin, * Discussion on radiation from rhombic antenna* , 
Proo. l.R.E. , 89, 9, 683, il94l). 

3 . Donald Foster, " Radiation from rhombic antexma", Proo. l.R.E. , 
86, lO, 138T, (193 t). 
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THE GENERALIZED CIRCUIT 
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with P being any position on the circuit, euid with being the 
current through the generator. If the length of the circuit is 1 , 
the driving point impedance is given by^ 

^1= ’ IV: * H ^ 

Re[f(Pi)*f(Pg)] Vi[e(rgi)dra]«dri 

in udiich 

Pj » any point along the axis of the wire 

Pa * any point along the inner periphery of the wire 

raa “ distance from P^ to Pg 

o(i*2i) • ral^exp(-jkrai) 

Ic * 

Mo * 4n(io“*^) henries per meter 
e© * (sen* 10®)“' farads per meter 

■ internal impedance of the circuit per meter 
f® » meam squsore magnitude of the current distribution 

m 

Vj ■ + k® » operator deltil or deloap , with the subscript 

indicating the position at which the differentiations 
are to be performed 
•X** the complex conjugate to be taken 

Now let A indicate the integrated value of the first term of 
the integrand, that is 



(e) 



A - j2®(^+j^)(^+^)Re[f(Pj)^f(Psj)]V,[Vi.e(rai)dra]*d?i 



■i 



I 




Upon integrating by parts along the axis, let 
U - ReLf(Parf(Pa)], dU - V,Re[f(P,)^f (Pg) ].d?i 

dV - V5[v,.e(r2,)d?8]‘dr^ , V - V,»e(r2,)dPa - -Vae(rai)»drg 
and get 

A ■ 3^(>^+>SHRe[f(Pb)'"f(P2))V2e(r2i)) - Reff(Po)*f(Pa) JVgeCrac) 

♦ Retf(Pe)^f(P^)]'?ae(rae) - Reff (Pd^f (^ 2 ) ]^ae(rad) h<ira (a) 

V iRe (f ( Pi f f (Pa ) ] . driH ^2®( rai ) * d?2 ) 

Let B represent the last term of equation (a), and integrate 
along the perimeter, 

B • j^(^+^)(^+^)<ViRe[f(Pirf(P2)]*dfi>Vae(raa)*dra (♦) 

Now let 

U - V,Retf(Pi)*f(Pa)l*d?i , dU - 7a<ViReCf (P, f ^ <P2) ]*d?i>*d?2 
“ Vae(raT)*<i?2 » V - e(ra-, ) 

end get 

® • j^(i^*^H®(>*da)VlRe[f(Paff(Pd)l 

- ®(r 3 i)ViRe[f(Pi)’'f(P^)] ♦ e(rei)7iRe[f(Pirf(Po)] (a) 

- 0(rbi)7iRe[f(Pirf(P^)]>-d?i 

- j^(i<^+i<^)(i^*>l)®(rai)7a(7iRe[f(Pi)'f(Pa)].d?a>.dra 

Recall that the current distribution is postulated to be the 
same along both paths of integration, and that the radius of the 
wire is postulated to be sufficiently small for the two paths to 
be interchangeable. Hence, upon interchanging the paths in the single 
integral terms of equation (e), and upon substituting from equation 
(e) into equation ( 3 ), and subsequently into equation (1), the 



driving point impedanoe beoamas 



Zin - IZifm ^ V ^ e(r^,) 

«(k®Re[f(Piff(P8)]d?i - V2fViRe(f(Piff(Pe)].dPi))-dra 

- e(rse)^8Re[f(Pe)'^(P8)3 ♦ Reff(Pe) VP8)]V2e(ra^) (e) 

♦ ®(rae)’8Re[PvPo)''P(P8)] - R«(P(Po)^f(P8)3^8e(r2o) 

- «(rab)’8Re[f(Pb)''f(P8)3 ♦ Re[f(Pbf f(P8)3Vae(rgb)><lr8 

Integrating the terms in the last Integral containing the gradient 
of the exponential terms, and assuming the radius of the wire is a with 

lca«i , a<<l , 

one obtains 

< i •(«)(|f(Pd)l” ♦ **) 

- e(rtjReCf(Pbff(Po)l - •(rd,)R*(P(Pdf 

- •(rbd)R»(<’(Pb)*f<'’d)l * «(rod)R«(f(Po)*f(''d)l 

- .(rb,)R.tf(P„ff(P,)) » .(rb,)R.(f(Pb)"f(P,))) 

(•^) 

♦ J^(/^*i^)l®(r8d)’aRe[P(Pd)^P(P2)3 - e(r2b)VaRe[f(P^ff(P2)] 

+ ®(r8o)’8Re[P(Pcfp(P8)3 - «(r2e)V2Re[f(P^)*f(P2)j|«dr8 

O ) (<^ > ) e(r2i) 

<k®Re[f(Pi)'^f(P2)]d?i - V2(ViRe(f(Pi)^f(P2)]-dr^)>*d?2 

If the antenna is symmetrically fed, that is if the antenna is 
physloally symmetrical with respeot to the generator, the sense of the 
path from e to o may be reversed in the single integral terms of 
equation (v), with the interchanging of o and e and b and d, respectively 
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within the interval (eo). Also, after replacing -dFa with +drg 
along with the corresponding interchange of limits for the interval 
(ec), the operator +Vg is replaced with the operator Hence, 

for the symmetrically fed antenna, the single integral terms may be 
doubled and integrated only from b to d. However, if the terminal 
spacings bS ^ each negligibly small with respect to a wave 

length, the current may be assumed continuous through the terminals 
and henoe the single integral terms of equation (7) then veoiish. 

The real part of the terms within the brace of equation (7) 
represent the reactive terms due to the end capacitances, and the 
imaginary part represents a correction to the component of the radiation 
resistance due to the distributed charges. The latter correction is 
necessary because the path is not closed. 

In practice, either the current is supposed to vanish at the 
terminals ^ or a load impedance is assumed to be inserted at the 
terminals to cause the current to take on the postulated distribution. 
Also, the input terminals are short circuited at the generator. 

Thus, the real part of the terms within the brace either vanish or 
are usually discarded. The imaginary terms also either veuiish or may 
be disregarded provided the terminal spacings are quite small in 
comparison with a wave length. Otherwise, if f^ is the current 
magnitude at d and at e, it may be necessary to retain the following 
correction terms from equation (7), 
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sinkr-u^ sinkr , 



^**bc 



de 



in which it is assumed that the distances r, . and r. do not 

bd be 



e 



appreciably differ from the distances r^^ and r^^^, respectively. 

Thus » as Sliming the terminal spacings penait the dropping of 
the correction terms and that the current is continuous through the 
terminals so that the single integral terms in equation (7) vanish, 
the driving point impedance becomes^, 

(«) 

In many cases of antenna applications , the current may be 
approximated sufficiently well by a distribution function which either 
satisfies or may be broken into the sum of functions which satisfy one 
of the following equations of constraint, 

V2(v,Re[f(Pi)*f(Pa)].dri).drg t k®Re[f(Pi)'^f(P2)]dridr8 - 0 ( 9 ) 

Substituting from equation (9) into equation (e), 

2in - IZi^S ♦ Zof§ ♦ /l/2e(r2i)Re[f(Pi)MP2)]dr^-df2 

(10) 

- TtH /i/s®(**8a)Re[f(Pi)*i‘(P2)]dridr2 

The first integral is the generalised Neumann's formula, eind 
is sometimes used alone for estimating the radiation resistance of 
a circuit. It appears that the second double integral term should 
not be neglected. However, it should be remembered that a constant 
current distribution does not satisfy equation (®), and that 
equation (lo) does not contradict Neumann's formula per se . 

If the terminals of are sufficiently near each other for the 
closing of the integrals, equation (10) may be written 



Zin ■ lZif®+f®ZQ+j3ok/^^ge(r2i)Re[f(Pi)'*’f(P2)](dri«d?2+dridr2) (ii) 
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In terms of arc lengths, let 

gCksi.kSg) - Re(f(p^)^f(p8)] 
h(kSi,kS8) - e(r8i) 

008 6( 8^,82) ds^dsa * dri^drg 
and equations (o) and (ii) become, respeotirely, 

- Ic®)g(k8i,k88) - 0 (le) 

Zjjj ■ jso]^]^8g(k8^,k88)h(k8^,ks8) [oos6( 8^, 82)— ilds^dsg 

( 18 ) 

If the algebraic sign within the parenthesis of eqoatloin ^is) is 
positive, 

2in*12j^f®+Zof§+Jeok/^8K(lc8i»Jc82)J»(k8a,k88)oo8® Je(8i,82)d8idS8 (1*) 

and if it is negative, 

|0(si,88)d8idS8 (le) 

THE RHOMBIC ARTENNA 

For the pui*pose of obtaining a formula for the radiation impedeinoe' 
of a rhombic antenna in free space (Fig. 2), the generator i8 aasumed to 
short circuit terminals b and o, and a terminal impedance Z^ is 
postulated at terminals j} and g which, tp a first approximation, 
causes the current to be an unattenuated travelling wave with no 
reflection. Each leg of the rhombic is assumed to be 1 meters in 
length and the vertex angle at the generator is assumed to be 2C. 

Upon selecting the origin at the generator, the variable s ranges 
from -8l at g to ^el at For s^ and Sg along different but 
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parallel wires, 0 ■ n. For s^ and Sg along different wires one and two 
or tjuv^e and four , 0 ■ n - sa. For s,^ and Sg along different wires 
two and three or four and one, 0 ■ so. 

For negative s, I ■ Ige^^®, and for positive s, I » 

Thus, for s, and Sg having the same sense, 

g(lcsi,ksg) - oos k(s^-sg) (le) 

and for s^ and Sg having the opposite sense, 

g(ksi,ksg) » oos k(si+sa) ( 17 ) 

The function (le) satisfies equation (is) with the negative sign, 
and henoe when s^ and Sg are of the same sense, from equation (is), 
the contribution to the radiation impedance 

Z - R ♦ j I (le) 

becomes 

Zi » - jso k /^g g(ksi,ksg) h(ks^,ksa) sin® 50(si,Sg) ds^dsg (19) 

Simileurly, the function (!▼) satisfies equation (la) with the 
positive sign, and hence ^en s^ and Sg are of the opposite sense, 
from equation (i*), the contribution Zg to the radiation impedance 
becomes, 

2 » jeo k /^/g g(ksi,ksg) h(kSi,kSg) cos® |0(si,Sg) ds^dsg (so) 

Substituting 0 > o into equation ( 19 ) and 0 » n into equation 
(so), it follows that all paths for s^ and Sg which eure parallel, 
idiether on the same wire or on opposite wires, are eliminated 
from further consideration in carrying out the Integrations for the 
radiation impedance of a rhombic antexma. 
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For any pair of wires, the axial and surface paths must be taken 
along both wires in suooession. But due to symmetry, the Integrations 
are the seme for the axial paxh along one wire with the surface path 
along the other wire as it is if the two paths are interohanged* Henoe, 
the integrations need to be oarried out and doubled only for the 
four oases where the axial path lies either on wire one or wire three 
and the surface path lies on either wire two or wire four . 

Thus, from equations (le), (it), (le), and (so). 



Zp«j240sln^a [yjyioosk(xa-xi)e(rai)dx8dxi-/^ioosk(x4+xi)e(r4i)dx4dxa 

with 



Zj, - Ji 80 k/_®/^ 008 kCs^TSs) eCrie) sin^ dSsds^ 

-;Jiaok/.£/_“^ cos k(Si-8a) «in®o dsi 

-jieolcy^VQ 008 k(s^-se) o(rg3) sin®o dsgds^ 

oos k(siTSg) e(rg4) sin®o dsgds^ 



(2l) 




In the first integral, let e^^-x^ and Sg>X2, 
in the second integral, let s^^xi-l and Sg— (x4+l), 
in the third integral, let s^-Xi+l and Sgol-x*, 
and in the fourth integral, let Sj^*2l~x^ and Sg“X2”al» 
Then the radiation impedance becomes 




(23) 

( 24 ) 
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Upon writing tho integrands in the exponential fora. 



Zp - -j 120 k 8in®a (I^ ♦ Ig - Is - I4) 


(88) 


with 




^1 * «xp(-jk(X 4 +x^ 4 r 4 i)] r4i' dx4dx^ 


(se) 


Is ■ /i/J«*Pl Jlc(x 4 +xi-r 4 a)] r4i' dx4dx^ 


( b 7 ) 


I3 */J/J «xp[ JJc(3C2-Xi-rgi)] rgi' dxgdx^ 


(se) 


Is • /J/J ®*Pt-Jlc(xg-xi+r2i)] rgi' dxgdx^ 


(se) 



IXie to symmetry, x^ and x^ may be interchanged in I4, yielding an 
equality of Is and I4. 



Recalling that the path for x^ is along the axis of wire one 
whereas the paths for Xg and X4 are along the inner peripheries of 
wires two and four , respeotively, if it is assumed that the axes of 
the wires are of length 1, then the limits for Xg are actually from 
a*ooto to 1 - a* tana and those for X4 are actually from a* tana to 
1 - a*oota. Hence, finally (Fig, 3) 

Zp - - j 180 k sin®a ( Ii ♦ Ig - «Is ) (so) 

with 

Ii - y^y^^^^®«3cp(-jk(x4+xa+r4i))r4i' dx4dxi (si) 

Is • y^JJl^^* 03 cp[Jk(x 4 +Xi-r 4 i))r 4 ii dx 4 dxi (se) 

dxgdxi (ss) 

The integrations for Ii, Ig and Is may bo carried out by 
transformations similar to those suggested by F. H, Murray®, 



6 , F. H, Murray, Mutual impedance of two skew antenna wires * * , 
Proc, I.R.E,, 81, 1, 184 , (1033). 
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However, they should be evaluated directly and not bjr transforming 
to the exact integral given by Murray, since there is a likelihood 
of unsuspectingly integrating through a singularity. In this way, 
the following formula is obtained for the radiation inq)edanoo of a 
rhombic antenna in free space.^ 

Zr /^80 - sC aln(aklsin®o) + eCiakl - 2Ci(eklsino) - Ci[akl(i+cosa)] 
“ Ci[akl(i-coso)] 

+ cos( eklsin^a) Ci[aklcosa( i-t-cosa)] + Ci[»klcoso( i-cosa)] 

+ Ci[2klsixut(i+sine)] ♦ Ci[sklsino(a-sina)] - aCi(8klco8®o] 

- aCi[sklsin°a] ^ 

- sin(aklsin®o) ■( Si[aklcosa( x+ooso)] - Si[aklcosa( a-cosa) ] 

- Si[aklsino(i+sino)] + Si[akl8ino(i-sina)] - 8Si[aklcos®a] 

+ aSi[eklsih^a] 1 

^ ( 84 ) 

♦ J £* Si(2kl(i+coso)] - Si[akl(i>cosa) J + ^i[aklsina] - aSiakl 

- eos(aklsin^a) •{ Si[eklcosa( a-i-oosa)] + Si[akleoso(i>ooso)] 

+ Si[aklsino( i-t'Sina)] ♦ Si[aklsina(i**sina)] - ^i[eklcos^o] 

- sSi[aklsin^a] ^ 

- sin(2klsin®o) ^ Ci[akleosa(i<fcosa)] - Ci[akleoso(i-oosa)] 

- Ci[sklsina(i+sino)] Ci[8klsino( i-sina)] - 2Ci[akloos^] 

+ 2Ci[ekl8in®o] 

The resistive component of formula (ss) checks with the radiation 
resistance of a rhombic antezma as given by Leonard Lewin^ in a 
discussion of a paper by Donald Foster^. From the discussion, it 
may be inferred that Lewin derived the formula for the radiation 
resistance by the solid angle Poynting vector method. 
f C- 0 . 8 T 78 , Si(x) « S^dU , Ci(x) - S^du . 
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